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(n: 

«) \ Abstract. In [5] Bott and Taubes constructed knot invariants by integrating differential 

I forms along the fiber of a bundle over the space of knots, generalizing the Gauss linking 

Q-[ integral. Their techniques were later used to construct real cohomology classes in spaces of 

■ knots and links in higher-dimensional Euclidean spaces [7]. In previous work, we constructed 

■ cohomology classes in knot spaces with arbitrary coefficients by integrating via a Pontrjagin- 

■ Thom construction T3]. We carry out a similar construction over the space of string links, 
but with a refinement in which configuration spaces are glued together according to the 

I combinatorics of weight systems. This gluing is somewhat similar to work of Kuperberg and 

I Thurston [TS]. We use a formula of Mellor [TS] for weight systems of Milnor invariants, and 

■ we thus recover the Milnor triple linking number for string links, which is in some sense the 

■ simplest interesting example of a class obtained by this gluing refinement of our previous 
^ ■ methods. Along the way, we find a description of this triple linking number as a "degree" 

of a map from the 6-sphere to a quotient of the product of three 2-spheres. 

>: 

00. 1. Introduction 

cn; 

^ I Let Ck be the space of /c-component string links, i.e., the space of embeddings / : Yik ^ 

M'^ which agree with a fixed hnear embedding outside of Ufcf"!)!] <^ Ufc-'^- This paper 
CN ■ concerns the Milnor triple linking number for string links fl9[ [20] , which is a function from 

isotopy classes of string links to the integers. Since HQ{Ck) is generated by isotopy classes 
i of string links, we can view this link invariant as a degree-0 class in the cohomology of £3. 

\ We build on our previous work [13j. This work was inspired by the configuration space 



integrals of Bott and Taubes [5] and subsequent work based on their methods (especially [7]), 
which produced real cohomology classes in spaces of knots. In our work, we replaced integra- 
tion of differential forms by a Pontrjagin-Thom construction. This produced cohomology 
classes with arbitrary coefficients. It is not too difficult to generalize configuration space 
integrals or the homotopy-theoretic construction of our previous work to spaces of links and 
string links. Perhaps less obvious is a refinement of this construction in which configuration 
spaces are glued along their boundaries. Here we show that via this refinement, we recover 
the Milnor triple linking number for string links. This invariant is already known to be 
integer-valued, but generalizations of this work should have more novel implications. 
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We conjecture that this gluing refinement of our "homotopy-theoretic Bott-Taubes inte- 
grals" produces integral multiples of all the Bott-Taubes/ Vassiliev-type cohomology classes 
of Cattaneo, Cotta-Ramusino and Longoni [7], showing that these classes are rational. Mod- 
ulo an anomaly term, they should also produce all finite-type (a.k.a. Vassiliev) invariants of 
links with rational coefficients. These items are currently work in progress. In this paper, we 
will focus only on the specific but interesting example of the Milnor triple linking number, 
rather than all finite-type invariants or all the cohomology classes of Cattaneo et al. 

As our title suggests, this gluing is inspired by and similar to a construction of Kuperberg 
and Thurston |T5l [T7] . This gluing idea was also present in the work of Bott and Taubes (in 
equation (1.18) of [5]), as once pointed out to the author by N. Habegger. The difference 
between our construction and that of Kuperberg and Thurston is that we do a gluing which is 
specific to the weight system for the invariant. Thus, in our work in progress, we generalize 
this to arbitrary cohomology classes by constructing one glued-up space for each weight 
system (or graph cocycle), rather than a glued-up space that accounts for all weight systems. 
This slightly different approach is necessary to produce bundles whose fibers are nice enough 
to admit neat embeddings and Pontrjagin-Thom constructions. 

1.1. The Gauss linking integral. Before stating our main results, we will describe the 
analogue of our constructions in the simpler case of the Gauss linking number. We will first 
discuss in detail this pairwise linking number in terms of a Pontrjagin-Thom construction 
and the space of links in the case of closed links, where the linking number is completely 
straightforward. In order to simplify our gluing constructions and thus describe the triple 
linking number for string links as the degree of a map, we need a definition of string links 
which is slightly different from the usual one. As a result, even though the triple linking 
number for string links is a well defined integer, we encounter some indeterminacy. This inde- 
terminacy occurs even in the pairwise linking number. We will ultimately relate our invariant 
to the usual triple linking number of string links (without any indeterminacy), but we ex- 
plain the indeterminacy in the simple case of the pairwise linking number to clarify the issue. 

For any space X, denote the configuration space of q points in X by 

Cg{X) := {(xi,...,Xg) G X'^lxi ^ Xj\/i^j}. 

f f 
An inclusion X^ ^ Y induces an inclusion of configuration spaces Cq{X) ^ Cq(Y). 

The linking number of L : 5*^ U 5*^ — ?■ is then given by the degree of the composition 

(1) S^xS^^ C2(^^ U ^1) — C2(M3) — 52 



(xi,X2) ^ 



|a;i-a;2| 



THE MILNOR TRIPLE LINKING NUMBER OF STRING LINKS BY GUT-AND-PASTE TOPOLOGY 3 

where x is the subspace of configurations where the two points are on distinct circles, 
and where the rightmost map happens to be a homotopy equivalence. One way of realizing 
this degree is to pull back a volume form on S"^ to a 2-form 6 and integrate 6 over x S^. 

Another way of realizing this integer would be to start by embedding x into some 
Euclidean space M^. The Pontrjagin-Thom collapse map then gives a map from S*^ to the 
Thom space (S*^ x S^Y of the normal bundle u of the embedding: 

The normal bundle u has fiber dimension N — 2, so using the Thom isomorphism we have 
in integral cohomology 



Th =^ 



z. 



(The normal bundle over x happens to be trivial, so {S^ x S^Y is just S^^^(S'^ x S^), 
and the Thom isomorphism reduces to the suspension isomorphism.) If we again let 6 denote 
the puUback to x S*^ of a volume form on S"^ via ([1]), the image of the cohomology class 
[6] under the above composition is the linking number. 

o 

To describe this as a function on the space of links, let Ck denote the space Emb(]J^ S^, M.^) 
of /c-component closed links (as opposed to string links). We can rewrite ([1]) as 

(2) £2 X ^1 X ^ £2 X C2{S^ U S^) C2{M.^) S\ 

Then we can pull back a volume form on S"^ (or generator of H^{S'^)) to a 2-form 6 on 

o 

£2 X "S*^ X (or a cohomology class [6]). The latter space is a trivial (5*^ x 5'^)-bundle over 

o o 

£2, and integrating 6 along the fiber gives a function on C2, which is the linking number. 

This integration along the fiber can also be described via a Pontrjagin-Thom construction 
as follows. We embed the bundle into a trivial M^-bundle 

(3) £2 X X 5^ £2 X 

and collapse a complement of the tubular neighborhood of the embedding to get a map 

(4) S^£2 ^ (£2 xS'x S'Y 

where the right-hand side is the Thom space of the normal bundle u of the embedding. Using 
the Thom isomorphism and suspension isomorphism, we have in cohomology 

o Th ~ o o SUSD = 

H\C2 xS'x S^) — H^{{C2 xS^x S'Y) if^(S^£2) — H%C2) 
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The image of [9] under this composite is the hnking number. Those famihar with spectra in 
stable homotopy theory will realize that the maps (jl]) for all can be more concisely rewrit- 
ten as a map from a suspension spectrum to a Thom spectrum. This was the perspective 
taken in our previous work jT3] . 

1.2. Gauss linking integral for string links. In this paper we consider string links be- 
cause the Milnor triple linking number is a well defined integer only for string links. (For 
closed links, it is only defined modulo the gcd of the pairwise linking numbers.) 

Definition 1.1. Fix a positive real number R. We define a string link with k components 
as a smooth embedding L : M such that 

• L takes IJ;j[— -R, R] into C M.^, a ball of radius R around the origin 

• outside of IJfcf"-^)-^]) agrees with 2k fixed linear maps /~ : {—oo,—R] M^, 

ft ■.[R,oo)^m^t = i,...,k. 

We also require that the direction vectors of any two of the 2k fixed linear maps are distinct 
vectors in 5*^. 

Definitions 1.2. We need distinct directions to infinity for defining configuration space 
integrals later on. In our case of interest A; = 3, we further require (for simplifications in our 
construction) that (1) the two ends of each strand agree with the same line through the origin 
outside the compact set and (2) these three directions to infinity are linearly independent. 
Call string links (with < 3 components) in such a setting linearly independent string links. 

More commonly, string links are defined as embeddings agreeing with k fixed parallel, 
affine-linear maps (e.g., as in Habegger-Lin p3]). The above definition does not include 
such a definition, but by, say, choosing the 2k linear maps to lie in a plane, we can work in a 
setting, such as the one shown below, where one of our string links corresponds canonically 
to a string link in the usual parallel definition. (Just "straighten" the parts of the strands 
outside the fixed compact set.) Call any such setting the setting of parallel string links. 

Figure 1. The unlink in a setting of parallel string links allowed under Def- 
inition 11.11 




Suppose we have two settings of string links allowed under Definition 11.11 with con- 
stants R < R' and hence i?/? C Bf>i. We can perform an isotopy relative to dBn from 
the first fixed linear embedding ((— oo, R] U [R, oo)) M'^ \ Br to an embedding which 
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on IJfc((~^'-R] '-' oo)) agrees with the second fixed hnear embedding. Call such an 
isotopy a straightening. □ 

Fix any setting of string links allowed under our definition. A straightening gives a bijec- 
tion between isotopy classes of these string links and isotopy classes of parallel string links. 
But the straightening, and hence the bijection, need not be canonical. In particular, there 
may not be a canonical unlink. There is no canonical unlink for linearly independent string 
links. As we will shortly see, this causes some indeterminacy which we will fully address 
in section [31 We could relax "linear" to "affine-linear" , and certain choices of affine-linear 
embedding would give a canonical unlink; however, the choice of affine-linear embedding 
with same direction vectors as a fixed linear embedding is equivalent to a choice of unlink. 

Now to treat the simplest example in the actual setting of our paper, consider the linking 
number of a two-component string link. Note that for closed links or parallel string links, this 
invariant is determined, up to sign, by requiring it to be zero on the unlink and requiring that 
it takes all integer values. However, our linearly independent string links have no canonical 
unlink, so there will be choices of pairwise linking number that will differ by constants. 

We start by replacing ([1]) by 

(5) MxRC -C2(MUM) -C2(M3)^^52. 

If we compactified M x M to a square disk, the map to would be ill defined at a corner, 
taking two different constant values on the intersecting edges. However, we can keep track 
of the relative rates of approach to infinity of the two points. Such a compactification yields 
an octagonal disk Q; it is just the blowup of the square at the four corners. Thus we have 

(6) -C2[M=^] — 52 

where C2[M^] is the Axelrod-Singer compactification of C2(M'^). (The reader unfamiliar with 
this compactification may ignore this intermediate space for now and wait until it is reviewed 
in section |2]) . 

The map ipi2 : C) S"^ takes the boundary of O into a great circle C on S*^, by our 
definition of string links. Namely, C is the intersection of the sphere with the plane spanned 
by the directions of the two strands to infinity. We can find a 2-form a on S"^ which vanishes 



on C but is cohomologous to a unit vo 
9 = ^\20L on O and integrate Q over Q- 



ume form. We can then pull it back to a 2-form 
More topologically, we have maps 







""^Since 6* is on the boundary of O, one can show (using Stokes' Theorem for integration along the fiber of 
the bundle £2 x Q ^ -^^2) that this integral is an isotopy invariant. Cf. equation (fT4| in section [231 
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where [a] G H'^{S^/C; Z) is a class that maps to a generator of H'^{S^; Z). The pairing of 
[6] with the fundamental class [Oj^^O] gives one possible choice for the pairwise linking 
number. 

More concretely, suppose the 2-component link agrees with the x- and y-axes towards 
infinity, so that C is the equator in the xy-plane. Up to isotopy, there are two equally 
suggestive candidates Li,L2 for the unlink. Fixing a generator [u] G H^{S'^;'Z), there are 
two integral classes [a] G H'^ {S"^ / C ; Z) which map to [u] (corresponding to the two factors 
in S*^ V 5*^). One of these gives a linking number which takes ±1 on Li and on L2, while 
the other gives one that takes on Li and =f1 on L2. The signs depend on the choice of 
orientation for Q? but in each case, the difference in the values of the invariant on the two 
links is the same (±1). In general, any two choices for the linking number will differ on any 
fixed link by a constant; Theorem 12.11 guarantees thisE Now for either choice of a, we can 
quotient by the complement of the support of a: 

syc ^ 52 V 52 ^ 52 

Then one can check that the degree of the composition q{a) o ipi2 is our linking number 

Moving towards a Pontrjagin-Thom construction with whole space of string links, we 
parametrize the map ([6]) as in ([2]) and pull back a class [a] as above to a class [9] on £2 x O- 
We can embed 

C2 X O'^ JC2 X M*^ X [0, 00)^ 

in a way that preserves the corner structure of the octagonal disk Q- (Alternatively, we 
could smooth the corners of this disk, since subspaces of codimension > 1 do not affect 
integration; however, we do not pursue this approach in this paper.) This embedding has 
a tubular neighborhood diffeomorphic to the normal bundle u. Collapsing not only the 
complement of the tubular neighborhood, but also the boundary of x [0, 00)^, gives a 
collapse map to a quotient of Thom spaces: 

j:m+n^^ — ^ X or/iC2 X dor 

The induced map in cohomology, together with the relative Thom isomorphism and suspen- 
sion isomorphism, takes the class [6] to a pairwise linking number. 

1.3. Main Results. One main motivation for this paper was the question of exactly which 
knot and link invariants can be produced via the Pontrjagin-Thom construction of our 
previous work [13], or a modification of it. In this paper we begin to answer that question. 

^More accurately, the extension of Theorem 12.11 to linearly independent string links guarantees this. (See 
section[33]) We prove this extension only for the triple linking number, but the proof for the pairwise linking 
number is easier — the previous footnote sketches the proof of part of it. 
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We glue four different configuration space bundles over the space £3 of 3-component string 
links to obtain one bundle Fg ^ Eg ^ C3 whose fiber is the gluing of the four configuration 
space fibers. Along the way to proving a statement about our Pontrjagin-Thom construction, 
we are led to the following theorem. 

Theorem 1. The Milnor triple linking number for string links can he expressed as the pairing 
of a 6- dimensional cohomology class [(3] with the fundamental class of S^. This class [P] is 
defined via maps 

^6 S^xS^x syv S'xS^x 

where V is a union of positive- codimension subsets of S'^ x S'^ x S"^, where the right-hand 
map is the quotient, and where the left-hand map is induced by the link. Specifically, is 
the pullback via the left-hand map of a certain class [a] G H^{S^ x S"^ x S'^/V; Z) which maps 
to a generator of H^{S^ x S"^ x S"^; Z) via the right-hand map. 

Note that since [a] maps to a generator of the top integral cohomology of S"^ x S"^ x S"^, 
[a] must be supported in a connected component of S'^ x S"^ x S"^ \V. Take the quotient 

X S"^ X S'^ > S{a) by the complement of this component. The resulting quotient 
space S{a) then has a fundamental class. So we can express the triple linking number as 
the degree of q{a) o $. 

Returning to our Pontrjagin-Thom construction, we show (in Lemma 17. ip that we can 
embed the bundle Eg into a trivial fiber bundle 

(7) Eg^ BmAR) X A 




JC3 

in a way that preserves the corner structure. The fiber of this trivial bundle, called Bm,n{R), 
is a codimension-0 subset of a ball of radius R in M*^"*"^, where the number is related to 
the codimension of the corners in Eg. The space Bm,n{R) is homeomorphic to a ball, but it is 
not quite a manifold with corners. Nonetheless, this embedding has a tubular neighborhood 
ri{Eg) diffeomorphic to the normal bundle, which is enough for a Pontrjagin-Thom map 

r : {Bm,n{R) X A, 5(5A/,7v(i?)) x £3) ^ {Bm,n{R) x A, {Bm,n{R) x C^-viEg)) U dEg). 

Below, we rewrite this as a map of quotients rather than pairs. We let Eg^'-"" denote the 
Thom space of the normal bundle i'm,n Eg to the embedding ([7j). 
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Theorem 2. Let [/3] be a cohomology class as in Theorem 1 above. The Pontrjagin-Thom 
collapse map 

induces a map in cohomology under which the image of in H^{Cs) is the Milnor triple 
linking number for string links . 

As mentioned earlier, those famihar with stable homotopy theory will see that this collapse 
map can be written for all sufficiently large M as a map from a suspension spectrum to a 
Thom spectrum. 

1.4. Organization of the paper. The paper is organized as follows. Section |2] contains 
a thorough review of finite-type invariants and configuration space integrals, and a brief 
description of the Milnor triple linking number. This section constitutes a large portion of 
material, most of which experts can safely skip. However, we discuss in some detail how to 
define configuration space integrals for string links, a point not previously addressed. 

Section [3] describes the triple linking number as a sum of configuration space integrals, 
using Mellor's formula for weight systems of Milnor invariants as well as results on config- 
uration space integrals for homotopy string link invariants. We essentially go through the 
proof of the main theorem of Bott-Taubes integrals for the triple linking number. This is 
partly because examining the configuration space integrals combine to make an invariant is 
needed to determine the gluing construction. Another reason for reviewing this proof is that 
it is not so obvious that all of it extends to our setting of linearly independent string links. 

Section m starts with some general facts about manifolds with faces, which are a nice kind 
of manifolds with corners. We then glue the appropriate bundles over the link space £3, and 
show that the glued space is a manifold with faces. 

Section [5] proves Theorem 1, expressing the triple linking number as a degree. 

Section |6] shows that integration along the fiber coincides with a certain Pontrjagin-Thom 
construction. We have left this arguably foundational material to one of the last sections 
because it is not needed for Theorem 1; in addition, some of the ideas of section H] are useful 
for making sense of Pontrjagin-Thom constructions for manifolds with corners. 

Finally, section [7] proves Theorem 2, expressing the triple linking number via a Pontrjagin- 
Thom construction. 

1.5. Acknowledgments. The author was supported by NSF grant DMS-1004610. He 
thanks Tom Goodwillie for illuminating conversations, suggestions, and corrections, and 
for listening to his ideas. He thanks Ismar Volic and Brian Munson for conversations and 
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defining configuration space integrals for string links. The author thanks Slava Krushkal 
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2. Background material 

This section is mainly a review of background material, including finite-type invariants of 
(string) links, compactifications of configuration spaces, configuration space integrals, and 
Milnor invariants of string links. The only new material in this section is a clarification of 
how to define configuration space integrals for string links (section l2.3.2p . 

2.1. Finite-type invariants. Vassiliev invariants, also known as finite-type invariants, were 
first defined for knots, but their definition easily extends to links. We will consider only 
oriented linksj^ The ideas below make sense for both closed links and string links, but from 
here on, we will write "link" to mean "(oriented) string link". 

The simplest definition is via a skein relation, even though this was not Vassiliev's original 
definition. Let V be any link invariant with values in a field F (or even a ring R). Thus 
V G H^{Ck', F). Then V can be extended to singular links with finitely many double-points 
(transverse self-intersections) via the Vassiliev skein relation 



V / \=v\ / \-v 




where the arrows denote the orientation of the link components. If V vanishes on links with 
more than m double points, we say is a finite-type invariant of type m. So if we let be 
the F- vector space (or i?-module) of type m invariants, then there is a filtration of finite-type 
invariants 

F = Vo^CVi^C...CV^CV^+iC... 

The reader can verify from the skein relation that the pairwise linking number of any 2 
components of a fc-component link is a type-1 invariant. 

The value of a type-m invariant on a singular link with m double points remains unchanged 
under crossing changes, so it is completely determined by the combinatorial data of the 
placement of the singularities in the domain. This motivates the definition of a chord diagram. 
A chord diagram on k strands of degree m consists of k labeled, oriented open intervals and 
m pairs of distinct points on these strands, with each pair joined by an edge, called a chord. 
In our pictures, the strands are always oriented from left to right. 

The k strands are thought of as the domain of a singular link and each pair of points 
is the preimage of a double point. One considers these diagrams up to diffeomorphisms 
preserving the orientation and labeling of the k strands. Let CV^ be the vector space (or 



■^Note for example that the pairwise linking number is an invariant of oriented links. 
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Figure 2. A chord diagram in CD^. 




free i?-module) of formal linear combinations of equivalence classes of these diagrams. Given 
a type-m invariant V of fc-component links, we get a functional w{V) on chord diagrams, 
that is, we can define a (linear) map 

as follows. For D E CV'^, put w{V){D) := V{Lj:,) where Ld is a fc-component singular link 
with m double points realizing the singularities prescribed by the chords of D. The link Ld 
is not well defined up to isotopy, but by the remark in the previous paragraph, V{Lci) is 
well defined. Obviously w sends type m — 1 invariants to 0, so w can be regarded as a map 

(8) w : Vt/Vi_, {CVlr 

which is easily verified to be injective. Furthermore, any element W in the image of w 
satisfies the one-term relation (IT) and the four-term relation (4T). The relations IT are 
that W vanishes on any diagram containing a chord joining adjacent points on the same 
strand. The relations 4T are that W vanishes on all sums of diagrams of the form below, 
where the four diagrams are the same outside the picture: 




The pictured strands have the same labels in all four diagrams, but there are no other 
restrictions on these labels. E.g., they may or may not be distinct. However, the orientations 
must be the ones shown (i.e., left to right). 

The IT and 4T relations follow from dual relations that an invariant V must satisfy on 
singular links, which in turn can be derived from the skein relation. See Bar-Natan's paper 
[3j for a more detailed explanation. 

Call an element in (CV'^)* satisfying these relations a weight system, and let be the 
subspace of (CV^)* of all weight systems. We can alternatively describe as the dual 
to the quotient of CV^/{1T,AT) by the analogues of the relations (IT) and (4T) on the 
diagrams themselves. 
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The main theorem in the theory of finite type invariants is that the hnear injection w in 
dH]) is in fact an isomorphism of M- vector spaces: 

(9) V^/V^,_i — 

One way of constructing the inverse map — )■ V^/V^_i is by the Kontsevich integral. 

2.2. Finite-type invariants and trivalent diagrams. Another way of constructing finite- 
type knot and hnk invariants from combinatorial data of weight systems is via the configura- 
tion space integrals of Bott and Taubes. This approach requires enlarging the vector space 
of chord diagrams to the vector space of trivalent diagrams TT)^. The most complete 
exposition of this diagram space (as well as generalizations and refinements of it) is given in 
[14] . We review the definition here for the reader's convenience. 



Figure 3. A trivalent diagram in TT>^. The horizontal lines are the strands. 
The Lie orientation is determined by this drawing of the diagram in the plane. 




A trivalent diagram consists of k oriented open intervals together with 2m vertices (not 
necessarily on the k intervals) and edges between the vertices. The graph resulting from 
forgetting the intervals must be simple, i.e., self-loops and multi-edges are not allowed. 
Furthermore, every vertex must be connected by a path to some interval. The vertices 
on the intervals are univalent and the remaining vertices are trivalent. We call the former 
interval vertices and the latter free vertices. If one imagines that the segments of the intervals 
are edges, then every vertex is trivalent. However, we do not consider interval segments as 
edges. We call an edge between two interval vertices a chord. Finally, these diagrams are 
equipped with a Lie orientation. That means that at every vertex we have a cyclic order of 
the three emanating edge-ends (say, determined by a planar embedding of these edge-ends), 
and in TV'^, the effect of reversing the cyclic order at one vertex is to multiply the diagram 
by —1. We put a canonical cyclic order at each interval vertex by drawing all edges above the 
strands, so there is a well defined inclusion CV^ C TT>^. This Lie orientation is equivalent 
to one determined by an ordering of the vertices and an orientation on every edge, where 
changing the vertex-ordering by an odd permutation multiplies the diagram by —1, as does 
reversing the orientation on one edge. (See Appendix B of [23] or section 3.1 of [15j.) 

If we impose the STU relation below, then every trivalent diagram can be expressed as a 
sum of chord diagrams. (Note that the cyclic order at the free vertex, determined by the 
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planar embedding, matters.) 



(10) 




So TV'JSTU is isomorphic to a quotient of CV^^. Bar-Natan showed that TV^^JSTU = 
CV^J4:T [3], so TV'JiSTU, IT) ^ CV^J{AT, IT). Thus = {TV'^/iSTU, IT))*. 

It will be useful later to replace the Lie orientation by an ordering (labeling) of vertices 
and orientation of each edge. In that case the STU relation is 



(11) 




j i i j 



where the planar embedding does not matter. 

The following theorem originally appeared for closed knots in D. Thurston's AB Thesis 
[23] . The extension to invariants of links and a refinement to link-homotopy invariants of 
string links appears in This extension treats the case of parallel string links. 

Theorem 2.1 (|23l [251 [H])- The map — )■ V^/V!^_i which is inverse to the map w in 
([3) can be constructed via 

W I—)- 7 -T W(D)Id + anomaly term 

(2m)! 

labeled d 

where the sum is taken over all trivalent diagrams D with labels {1, ...,2m} on the vertices, 
and where In is a configuration space integral depending on the labeled diagram D. 

We define the integral Id in the next section. The anomaly term is a configuration space 
integral related to the stratum in configuration space where all points in the configuration 
have "collided". Its important feature for our purposes is that it vanishes in the case of 
the triple linking number for string links. It may not be obvious that the proofs in the 
existing literature apply to our linearly independent 3-component string links. In addition, 
the invariant above might depend on a choice of spherical forms used to define the integrals 
(cf. section [L2|) . We will provide the proof for our linearly independent string links in the 
example of the triple linking number, and we will take note of the appropriate choice of 
spherical forms (section l3.4p . In fact, the simplification in our construction (necessary for 
Theorem 1) comes precisely from a slightly different proof of this theorem in the case of the 
triple linking number of linearly independent string links. 
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Note that (2m)! is precisely the number of labelings of a given isomorphism class of unla- 
beled (and unoriented) diagrams. Thus the invariant in the Theorem above can equivalently 
be written as a sum over unlabeled diagrams 

(12) W ^ —-^——W(D)Id + anomaly term 

f-^ |Aut(D)| 
unlabeled d 

where |Aut(i5)| is the size of the group of automorphisms of D. Another way of saying this 
is that we sum over elements of a basis for TT>^. In particular, each D has an orientation (so 
that W{D) is well defined), but any given diagram only appears with one Lie orientation in 
this sum. The formulation in Theorem 12.11 makes the association D ^ lo more immediate, 
but we find this latter formulation more tractable because there are fewer diagrams to sum 
over. 



2.3. Configuration space integrals. In [5J, Bott and Taubes constructed knot invariants 
by considering a bundle over the space of knots. They worked over the space of closed knots, 
but we will present the extension of their ideas to spaces of string links. This extension is 
also discussed in [H]. The bundle is 

qk] t] ^ E\qi, qu] t] 

£fc = Emb(UfcK,K') 

where the fiber g^; t] is a compactification of a configuration space of gi + ... + + 1 

points in M^, of which lie on the i^^ component of the link. Another way of saying this is 
that the total space -E[gi, g^; t] is the pullback in the following square, and the map to 
is the left-hand map followed by projection to C^- 

(13) ^[gi,...gfc;t] C,,+. 



Ck X C, 



qi,--,qk 



Ql- 



l-<Jfe 



The pullback square is explained below, and in section |3l we will more carefully examine the 
fibers F[qi, ...,qk]t] in our particular example. 



2.3.1. Brief review of the Axelrod-Singer/Fulton-MacPherson compactification. Here Cg[M] 
denotes the Axelrod-Singer compactification of the space Cq{M) of configurations of g points 
on a compact manifold M. It can be defined via blowups. For a submanifold F C X, the 
blowup B1(X, Y) is the result of removing Y and replacing it by the sphere bundle of its 
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normal bundlqj. Equivalently, this is the resuh of removing an open tubular neighborhood 
of Y. Then Cg[M] is defined as the closure of the image of 

Cg{M) c ^ M'? X Y[ B1(M^, As) 

S'c{l,...,g}|5|>2 

where As is the diagonal in . For M = R", Cq[]R"] is considered as the subspace of 
Cq+i[S'"] where the last point is fixed at oo. A stratum of Cg[M] is labeled by a collection 
{Si, Sk} of distinct subsets Si C {1, q} with l^jl > 2 and satisfying the condition 

Si n Sj (!) ^ either Si C Sj or Sj C Si 

For each set 5*^ in the collection, we can think of the points in 5*^ as having collided. If there 
is an 5*-,- C Si in the collection, we can think of the points in 5*^ as having first collided with 
each other and then with the remaining points in Si. Two strata indexed by {5*1, 5*^} and 
{S[, Sj} intersect precisely when the set {Si, Sk, S[, S'^} satisfies the above condition. 
In that case, that is the set which indexes the intersection. 

Let Si = \Si\. Roughly speaking, this compactification keeps track of the location of 
the "collided point" as well as an "infinitesimal configuration" or screen for each Si. Such a 
screen is a point the space {Cs. {TpM))/G, where G is the group of translations and (oriented) 
scalings of Euclidean space. From this one can verify that the stratum labeled {S*!, S'fc} 
has codimension k. Consult [8] and [2] for more precise details. 

□ 

Now it is clear that the right-hand vertical map in the square (fT3|) can be defined as 
projection to the first qi + ... + qk points. The lower horizontal map (whose domain is defined 
below) essentially comes from the fact that an embedding induces a map on configuration 
spaces which extends to the compactifications. This is somewhat subtle to explain in detail. 

2.3.2. A technical digression needed for string links. Let Q = qi + ... + q^, and define 
^<]i,-,qk Ui^ the closure of the image of the map 

C,,(M) X ... X C,,(R) Cq[R'] (c Cq+iIS']) 

induced by a fixed string link L = [Li, Lk). Then the lower horizontal map in (fT3l) is 
certainly well defined. 

To integrate over the fiber of the bundle E[qi, ...,qk;t] — )■ Ck, one needs to know that 
the closure Cq^^,,,^qj^ 



has the structure of a manifold with corners. Indeed, it has one 
induced by that on Cq^+...+q^+i[S'^]. We sketch some of the details here because this has not 
been previously explained in the literature. First note that all the added limit points are in 



The Fulton-MacPherson compactification in algebraic geometry is defined exactly as the Axelrod-Singer 
compactification, but with projective blowups instead of real oriented blowups. 
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the boundary of Cq[M^]. Around such a point, a neighborhood in Cq[]R^] has various strata, 
points of which are described by collections of screens, as mentioned above. To describe the 
corresponding neighborhood in 6*^^^...^^^, JjJ^M , we replace these spaces of screens by similar 
spaces which have lower dimension, but will have the same codimension in the latter space: 

• At a collision of s > 2 points at a point p away from oo, the space Cs{TpM.^)/G is 
replaced by Cs{TpL)/G' where by abuse L = {Li, Lj.) also denotes the image of 
the fixed string link L and where G" < G is the subgroup of translations and scalings 



of T„ 



which take TpL to itself. 



C 



Consider a collision of > 1 points with oo, first as just a configuration in Cq[1 
Cq+i[5'^]. Consider a stratum incident to that configuration, labeled by {5*1, .., 5*/,.}. 
Let Si be a set containing the {Q + 1)**^ point oo. We can describe the screen-space 
corresponding to Si as Cs._i{TooS^ \ {0})/]R+, by fixing the {Q + point oo at the 
origin in T^oS^. 

Now suppose this configuration is also in Cq-^^,,,^q^ M . We can describe a neigh- 
borhood in that space by replacing the screen above by a configuration of points in 
ToqS^ \ {0} which are constrained to lie in lines through the origin, modulo scal- 
ing. These lines correspond to the directions of the fixed linear embedding. In other 
words, we replace C,^_i{T^S^ \ {0})/M+ by Cs,-i{T^L \ {0})/M+ 



Of course, not all the strata in Cq[]R'^] occur as strata in C, 



because points in 

different components of the link cannot collide away from oo. But for a given S = {Si, Sk} 

Y[\ K , any subset of S clearly indexes a stratum in 



which does index a stratum & of C, 



91, ■■■,<?*: 



These subsets correspond precisely to the higher-dimensional strata which 



intersect a neighborhood of any point in &. This is the sense in which the corner structure 



on C, 



M is inherited from the one on C^fM^]. 



□ 



Remark 2.2 (Notation). In the case of knots, the puUback E[qi, ...,qk;t] above reduces 
to a space E[q]t] which was called Eq^t in our previous work [13j, Cn,t in Bott-Taubes and 
Cattaneo-Cotta-Ramusino-Longoni, C[q + t;IC] = C[q + t; Ci] in [14j, and ef*Ct(M^) by 
Pelatt [21]. We have tried to use the shortest notation that makes clear the difference 
between this total space and a fiber of the associated bundle. 

Now Bott and Taubes showed that in the case of knots, the fiber E[q; t] is a manifold with 
corners (see their Appendix [5]). Their work together with our section [2.3.21 shows that in 
general the fiber F[gi, g^; t] is a manifold with corners. This fiber is also orientable. By 
fixing an orientation on and using the orientation of the link, the fibers become oriented. 

One then integrates differential forms along the fiber of E[qi, ...,qk]t] — > Ck and shows 
that the result is a zero- dimensional closed form, hence a link invariant. Specifically, the 
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forms are obtained from the maps 

^i, : - 

given by 

(^ij(a;i, 



I < i < j < r 



Since the compactification Cr[]R^] keeps track of directions of colhsion, these maps extend 
to Cr[]R^]. Applying this with r = gi + ... + + ^, we have a map ipij : E{qi, ...,qk]t) — )• S*^ 
for every pair [i < j). Let a; be a 2-form on S*^ representing a generator of H'^{S'^) and let 



e. 



1-3 



We can now define the In in Theorem 12.11 Given a trivalent diagram D e TVl^ with 
labels {1, 2m} on the vertices, let qi be the number of vertices on the zth interval, and let 
t be the number of free vertices. The function J/j is an integral along the fiber g^; t] 

of the bundle g^; t] — )■ Ck, given by 

Id = I di^j^ ■ ■ ■ 6i^j^ 

JF[qi,...,qk;t] 

where (zi < ji), (ig < je) are the pairs of endpoints of edges in D. Since these forms are 
even-dimensional, their order in the product is irrelevant. For example, to the diagram 

9 10 




1 2 



3 4 5 6 7 



we associate the integral 

/ ^19^25^39^4,10^68^79^9,10 
-'F[2,5,l;2] 

Since a Lie orientation is equivalent to a vertex-ordering and orientation of every edge, there 
is a well defined way of associating an integral to an unlabeled Lie-oriented diagram. 
It will sometimes be convenient to write 9i-^^j-^ ■ ■ ■ 9i^j^ as 



where 



D 



y edges in D J 
and Uj is a 2-form on the zth factor S"^. 



n 5= 

edges in D 
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Remark 2.3. In the existing literature, each oji is usually rotation-invariant or at least 
symmetric with respect to the antipodal map. We will proceed slightly differently, using 
different non-symmetric forms for the uji. Thus we will eventually need to keep track of the 
order of the factors of S"^ in the product above. 

The dimension of F = F[qi, g^.; t] is gi + ... + + St, while the dimension of 9i-^j-^ ■ ■ ■ Oi^j^ 
is 2e, where e is the number of edges in D. Since the qi + ... + qk interval vertices are univalent 
and the t free vertices are trivalent, 2e = gi + ... + gt + 3t, so Id is a 0-form, i.e., a function. 

It is not true in general that Id is closed, but appropriate linear combinations of various 
Id turn out to be closed. The difficulty lies in the fact that the fiber has nonempty boundary. 
In fact. Stokes' theorem implies that for any form a 

(14) d a= da± {a\gpE) 

Jf Jf JdF 

If a is a linear combination of products of 9ij, then a is closed, so showing that fp, a is closed 
amounts to showing that the integral of the restriction of a to dpE C E vanishes. 

Part of the content of Theorem 12.11 is that T,dW{D)Id is closed, i.e., a locally constant 
function, or link invariant. (In general, this is only true up to the "anomaly term", though 
this has been shown to vanish in some cases.) We will review the proof of this part for the 
particular weight system of interest in section 13. 4[ 

2.4. Milnor triple linking number for string links. Finally, we review the adaptation 
of the Milnor triple linking number to the case of string links. All we really need is the 
result about its associated weight system (section 13. 2p . but we present the definition for 
completeness. For this section, consider parallel string links. We will relate the two types of 
string links in section 13.11 

The triple linking number is defined by studying the lower central series of the fundamental 
group of the link complement. Let L be (the image of) a /c-component string link in / x D^, 
and let vr = 7ri(/ x \ L). Let tt^ = tt, and let vr"' = [7r,7r"~^], the n^^ term in the lower 
central series. From the Wirtinger presentation of a link, one sees that the meridians and 
all their conjugates generate vr. One can prove (cf. Theorem 4 of [20]) that the meridians 
generate vr/vr" for all n. Thus if Fk denotes the free group on generators ai, a^, there is a 
map Fk/Fj} tc/tc" which is surjective, and in fact an isomorphism (SOj [TO] . Thus there is 
a word in the Oj which maps to the j^^ longitude [ij] G it /it"'. 

The Magnus expansion is a group homomorphism from Fj. to the multiplicative group in 
the power series ring in noncommuting variables ti,...,^^; it is given by i— )■ 1 + tj and 
a^^ I—)- I — ti + t"^ — .... The Milnor invariant jii^^^^^i^-j is then defined as the coefficient of 
ti^ ■ ■ -ti^ in the Magnus expansion of [ij] G tt/tt". It is straightforward to check that this is 
well defined for n > r. 
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The invariants just the pairwise hnking numbers. For 3-component string hnks, 

there are 6 different "triple hnking numbers", but by permuting labels on the strands it 
suffices to study just one of them. Thus we take /ii23 as the triple linking number for string 
hnks. @ 

3. The configuration space integral for the triple linking number 

In this section, we first use a formula of Mellor to find an expression of the triple linking 
number for string links in terms of configuration space integrals. Then we examine in detail 
the compactifications of configuration spaces which appear in these integrals. This will be 
useful in our description of the invariant as a degree. Then we examine how the integrals 
combine to make a link invariant. This step is essentially the proof of the isotopy invar iance 
of Theorem 12.11 in the setting of our linearly independent string links, for the triple linking 
number. The proof is very similar to that in other settings in the existing literature, though 
ours differs in one place. Going through this proof is also important because it will show 
us how to glue and collapse boundaries of the configuration spaces in our topological con- 
struction. Finally, we check that the Bott-Taubes integrals still give the inverse to the map 
Vm/Vm-i — 7- Wm in the setting of linearly independent string links (and with our choices of 
integrals for them), which may not be a priori obvious. We start with a discussion relating 
different types of string links. 

3.1. Converting between parallel string links and linearly independent string 

links. Let £| denote a space of parallel string links, and let Ck denote string links in some 
other fixed context allowed under Definition 11.11 We are interested in the case where £3 
is the space of linearly independent 3-component links. Suppressing the number of compo- 
nents, let Vm denote type-m invariants of £|, and let Vm denote type-m invariants of A 
straightening from one type of link to the other (as in Definitions II. 2p induces an isomor- 
phism Vm = Vm- The straightening and hence the isomorphism may not be canonical, but 
each of these vector spaces has a canonical map to Wm- These are both isomorphisms after 
quotienting by type-(m — 1) invariants, provided Theorem 12.11 also holds in the context of 
Ck- In that case we have the following diagram: 

(15) vi/vLi — 

A 
V 

Vm/Vm—1 



'^Milnor's original definitions were for closed links, where the invariants are only well defined modulo the 
gcd of the lower order invariants (i.e,, pairwise linking numbers in the case of ^12:3)- We restrict our attention 
to string links, where they are well defined integers. 
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The two isomorphisms shown are canonical maps, and only one choice for the dotted arrow 
will make the diagram commute. Thus the quotients vL/Vm^i and Vm/Vm-i are canonically 
isomorphic. 

3.2. The weight system for the triple linking number. It is known that for string 
links, each Milnor invariant Hi^^.^irj is finite-type of type r [U [18]. The triple linking number 
/ii23 has an associated weight system 1^123, given by the map ([8]). If we consider it as an 
invariant of our linearly independent string links, it is well defined as an element of V2/V1, 
but not as an element of V2. Assume for now that Theorem 12. ll holds for linearly independent 
string links (including the vanishing of all "anomalous terms"). Then its formulation ([T^ 
says that 

unlabeled d 

is an element of V2 which in V2/V1 is the class [yUi23] determined by the triple linking number 
Ati23 € V| and the canonical isomorphism vj/vl = V2/V1. So from now until the end 
of section [3] we will let ^^123 G V2 denote the right-hand side of the above equality. In 
checking that Theorem 12.11 holds for linearly independent string links, we will see that for 
any straightening that induces a certain bijection 7ro£3 = ttqCI, the induced map on link 
invariants takes our ^^123 to the bona fide triple linking number, thus excusing our abuse of 
notation. 

We have 1^123 G Wf C (CVl)*, a functional on diagrams with four vertices. Since the 
triple linking number is an invariant of link-homotopy, we know that W123 can be nonzero 
only on diagrams where no chord joins vertices on the same strand fTl]. We may furthermore 
consider only diagrams where each of the three strands has at least one vertex, since the 
triple linking number cannot detect crossing changes between only two components. There 
are seven such diagrams spanninj^ a subspace of CT'2- the diagrams L, M, R 




the diagrams L', M', R' 



and the diagram T 



^These seven diagrams satisfy relations in C'D\/{AT), but the calculation below is easy enough that we do 
not need to use these relations. 
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Since the strands are labeled and oriented, each of these diagrams has no nontrivial auto- 
morphisms. Thus we have so far 

1^123 = Wi23iD)lD. 

De{L,M,R,L'M',R',T} 

Using a skein relation for the Milnor invariants proven by Polyak [22], Mellor proved a 
recursive formula for the weight systems of these invariants. This formula is Theorem 2 of 
|18] . to which the reader may refer for details. We apply Mellor's formula to the weight 
system 14^123 and the six chord diagrams L, M, R, L', M', R'. The result is that 1^123 vanishes 
on L', M', and R', and its values on L, M, R are 1, —1, 1. 

The STU relation will ultimately tell us the value of ^^123 on T. But first, to clarify the 
association D 1— )■ //) in this setting of unlabeled diagrams, the canonical Lie orientation on 
a chord diagram corresponds to a canonical ordering of the vertices (from left to right) and 
a canonical orientation of the edges (also from left to right). This defines Id for the chord 
diagrams D. For the diagram T, we can choose any vertex-ordering and edge-orientations 
and then account for the sign by using the labeled STU relation (ITTil to compute Wi23(T). 
We choose to label the free vertex "4" and orient the edges from smaller to larger index. 

Remark 3.1. If one considers an unlabeled STU relation [10] featuring the unlabeled. Lie- 
oriented basis element T, one gets the same sign for 1^123 (T) as the one we get for the labeling 
we chose. Thus under the correspondence between the two types of orientation, our choice 
of labeling of T gives the same orientation as the unlabeled. Lie-oriented basis element T. 

The calculation described above yields the following result, modulo checking that Theorem 
12. II extends to linearly independent 3-component string links. 

Corollary 3.2 (to Theorem 2 of [18] and Theorem 12. II) . The triple linking number for string 
links is, up to a type-1 invariant, the sum of integrals 

f'123 = II — Im + Ir — It 

where the terms Id above are the integrals over compactified configuration spaces associated 
to the diagrams D = L, M, R, T : 

= ^13(^24., Im = I ^126'34 

-'F[2,l,l;0] -'F[l,2,l;0] 



^13^24, It — i ^14^24^34 

F[l,l,2;0] 

We can remove the "up to a type-1 invariant" indeterminacy by making appropriate choices 
in defining these integrals. 

3.3. The compactified configuration spaces. In our topological construction, it will be 
useful to understand in detail the compactifications of these four configuration spaces, which 
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we will sometimes abbreviate as F^, Fm, Fr^Ft- 

3.3.1. The space Ft- First we describe Ft = F[l, 1, 1; 1], the fiber of the bundle E[l, 1, 1; 1] 
over a 3-component string link L. This space compactifies 1, 1; 1) = {(xi, 0:4) G 
C4^{M.^)\xi,X2,X3 G imL}. By forgetting which is free to roam in M^, the uncompactified 
F{1, 1, 1; 1) maps to M x M x M as a fiber bundle with fiber homeomorphic to M"^ \ {3 -D^'s}, 
the complement of 3 closed 3-balls in M^. The base is contractible, so F{1, 1, 1; 1) = M x M x 
Mx (M3\{3 D'^'s}). 

The compactification 1, 1; 1] is a subset of the Axelrod-Singer compactification C4[R^] C 
C5[S'^]. Since 1, 1; 1] is a manifold with corners, it has a collar neighborhood of the 
boundary and is homotopy-equivalent to its interior, 1, 1; 1). In F[l, 1, 1; 1] the subsets 
which index codimension-1 faces are 

{Xi,Xi}, {X2,X4}, {x3,Xi} 

as well as the 15 sets 

{Xi, 00}, {X2, 00}, {X3, 00}, {X4, 00}, {Xi, X2, X3, X4, Oo} 

consisting of a nonempty subset of the Xi together with 00. If 5 is a set of the second type, 
the corresponding face has 2"^'^^ connected components, where a{S) = #(5* fl {xi, X2, x^}). 

For any of these compactified configuration spaces, we call a face whose indexing set 
contains precisely two Xi a principal face. We call a face whose indexing set contains the 
symbol 00 a face at infinity or, for reduced verbiage, just an infinite face. In all the spaces 
which we consider here, every face is either principal or infinite. 

As most of the faces here are infinite, it seems useful to explicitly describe an infinite face. 
In C„[]R^], the face where m of the n points have escaped to infinity can be described as 
the product C„_m(]R^) x {Cm+i{^^) / G) where G is the group of translations and scalings of 
M.^ (cf. section 6, p. 18 of [24J). The (m + 1)**^ point in the second factor is a "fat point" 
of points which have not escaped to infinity. If we translate this point to the origin, then 
we can rewrite such a face as Cn~-m{^^) x (Cm(lR^ \ {0})/scahng). (Alternatively, \ {0} 
could be replaced by the complement of a ball around the origin.) Note that this description 
applies even when m = n. In F[l, 1, 1; 1] an infinite face has a similar description, except 
that the Xi are constrained to lie on the fixed linear embedding. 

3.3.2. The spaces Fl, Fm, Fn- Now we describe the fiber Fl = F[2,l,l;0] of the bundle 
E[2, 1, 1;0], which compactifies F(2, 1,1;0) = {(xi,...,X4) G C4(M U R U R)|(xi < X2) G 
C2(R),X3 G R, X4 G R}. The latter space is homeomorphic to an open 4-ball. As in the 
case of Ft above, the compactification has a collar neighborhood of the boundary, and is 
homotopy-equivalent to its interior F(2, 1, 1; 0) 
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The subsets which index co dimension- 1 faces of -F[2, 1, 1; 0] are {xi, X2} and the 15 sets con- 
sisting of a nonempty subset of {xi, X4} together with 00. The compactification F[2, 1, 1; 0] 
is a manifold with corners, but topologically it is homeomorphic to a closed ball. As with 
Frp, an infinite face may have multiple components, and the description of infinite faces in 
the previous section apply equally well here. 

The spaces Fm = 2, 1; 0] and Fr = 1, 2; 0] are constructed in a similar manner 
and are diffeomorphic to Fl = F[2, 1, 1; 0]. 

3.4. Vanishing Arguments. Having examined the compactifications in our example, we 
now examine how the configuration space integrals combine to form a link invariant. The 
first important point is that the forms we integrate extend to the compactifications. 

Lemma 3.3. For each diagram D G {L, M, R,T} , there is a smooth map 

( 

$15 : Fd ^ 



n s= 



\edges (ij) in d 

extending the map [xi, ...,^4) 1— )■ Yli^i ~ Xj)/\xi ~ Xj\ from the interior of F^, to all of F^. 

Proof. The compactifications of the Fd are gotten by blowing up every diagonal, so the 
direction of collision of Xi with Xj is recorded. The only case which might have been unclear 
(and possibly overlooked in some existing literature) is that of the (many!) infinite faces. 
From their description at the end of section 13.3. one sees that $z) is well defined on them 
too. □ 

Next, a configuration space integral is only a link invariant because the integrals along 
the boundary faces vanish or cancel each other. (The necessity of this condition comes from 
Stokes' Theorem, cf. equation ( JT^ .) The next lemmas are important because they indicate 
how we should collapse and glue together configuration spaces. We give an original proof of 
Lemma 13.51 which relies on the behavior of our string links towards infinity and which then 
simplifies the gluing constructions. 

Lemma 3.4. The integrals along the three principal faces of Ft cancel with those along the 
three principal faces of Fl, Fm, and Fr. 

Lemma 3.5. The integral along any infinite face of F^ vanishes, where D is any of L, M, R, T . 
Proof of Lemma 3.4 This proof is given in [23| [251 [H], ci.nd the main idea is to use the STU 



relation and the faces corresponding to the terms in the relation (and the restrictions of the 
forms 6d to those faces) are identical, up to a factor of 5*^. In this case, Mellor's formula 
says that 1^123 vanishes on L', M' , R' . Thus, with our vertex-orderings and edge-orientations 
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on L, M, i?, T, the STU relations are 

W^i23(T) = -WusiL) W,23{T) = W,23{M) W,23{T) = -WusiR)- 

Each of the three principal faces of Ft is diffeomorphic to 5*^ x 1, 1; 0], and the restriction 
of the form to be integrated is u 6ij6ik (where i,j,k are distinct elements of {1,2,3} and 
where u is the 2-form on the first factor S*^). Each of the three principal faces of Fl, Fm, Fr 
is diffeomorphic to 1, 1; 0], and the restriction of the form to be integrated is OijOi^ (with 
i,i,k as before). Since u integrates to 1, the integral along a principal face of Ft is, up 
to sign, the integral along a principal face of F^, Fm, Fr. One observes that signs coming 
from the restriction of the forms, the orientations on the faces of the F^, and the coefficients 
Wi2'i{D) are such that each of the three pairs of integrals along principal faces cancels. We 
will give more explicit details when we recast this topologically in sections 14.31 and |5l □ 

Proof of Lemma 1 5*. 51 The above references suggest the main idea of our proof, which is that 
the image of each infinite face under is a proper subspace of S*^ x 5*^ x S*^. This allows us 
to choose a form on 5*^ x 5*^ x 5*^ which generates its top (integral) cohomology, but which 
is supported on the complement of the image of Then Ot,, its pullback via is zero. 
If the image of "I'd had codimension > 2 (as in the case of knots), any choice of form would 
suffice. In our setting of linearly independent string links, our choice of form matters, but a 
correct choice will produce all the needed results. Below are details for all the cases: 

(a) : Suppose (3 is an infinite face of Er, such that the indexing set S does not contain a 

free vertex. Let Xi & S and let Xj be the point connected to Xj by a chord. Then the 
image ipij{&) is contained in a positive-codimension subspace C of 5*^. In particular, 
if Vi and Vj are the directions of the fixed linear maps for the strands containing Xi 
and Xj, then C is the great circle which is the intersection of spanj-Uj, -Uj} with the 
unit sphere. We will from now on take our fixed linear maps to be the x-, y-, and 
2;-axes, in which case the image of any face under any ipij is contained in the union 
of the three equators determined by the coordinate planes. 

(b) : Now suppose the indexing set S of & contains a free vertex. In other words & is an 

infinite face of Ed with D = T, and x^ G S. If two (of the remaining three) points 
not in S", then (^j4 x is contained in the diagonal of S'^ x S'^. So 

suppose that there are two other points Xi, Xj G S. Since these two points must be on 
the link, these points lie in a plane, by the fixed behavior of the link towards infinity. 

As in case (a), suppose that the three fixed linear maps M for our string 

link are the coordinate axes. Choose the three 2-forms uji,uj2,uj3 on the factors of 
S*^ X S*^ X S"^ to have support in Qi := {y > and z < 0}, Q2 := {z > and x < 0}, 
and Q3 := {y < and x > 0} respectively, where we consider each S*^ as the unit 
sphere in xyz-spa.ce. (In addition, they should still vanish on all the codimension-1 
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subsets C from ).) Then the product UiUj (where i ^ j are any two of the 

indices 1,2,3) has support in Qi x Qj c S"^ x S'^. But the restriction of ipi4 x ipj4 to 
this infinite face & is contained in the complement of Qi x Qj. Hence the pullback of 
UiUj is zero. (A similar argument with obvious modifications applies when the three 
fixed directions of the string link components towards infinity are arbitrary linearly 
independent directions. A judicious choice of the 2- forms on S"^ is crucial for this 
argument.) 

□ 

Remark 3.6. From here on, we will continue to take the fixed linear map to be three axes, 
and the forms ui,U2,uj3 as above. Note that each of these forms is neither symmetric with 
respect to the antipodal map nor symmetric with respect to any rotation. Since we will glue 
the four configuration spaces together, we will have to use forms Ui as above for all four 
integrals (section [5]) , even though case (b) above only concerned the space Et- 

Remark 3.7. For the particular diagrams we consider, we could also argue the vanishing 
in case (b) using an involution. The involution is the same as the one of Kontsevich [12] 
(see also [5], [23] [25]), except in the case where all points approach infinity, where it is the 
antipodal map. We have chosen to use non-symmetric forms as above because the resulting 
gluing construction is simpler: this method requires only working relative to boundary faces, 
rather than "folding" the faces along which the integrals vanish according to the involution. 
This simplification will make clear that we have a map from to the fiber of our glued space 
modulo its boundary, which induces an isomorphism in 6-dimensional (co) homology. This 
leads to our description of the invariant as a degree. If we were using linearly independent 
string links, we could not use the same argument in case (b) above, and we would have had 
to resort to involutions, thus hindering our degree description. 

3.5. Universality of Bott— Taubes integration for linearly independent string links. 

We have examined how fius, as defined for our linearly independent string links, is an isotopy 
invariant. It remains to check that in our setting it gives the correct invariant, i.e., that the 
integration map Wm — ^ Vm/Vm-i, which takes W123 ^ fJ'Us, is inverse to the canonical map 
Vm/Vm-i — > Wm, at Icast on the weight system ^123. The proof of the following lemma is 
similar to the proof of Theorem 5.8 in \T^, which uses the idea of "tinkertoy diagrams" of 
D. Thurston [23]. In our setting we cannot take the spherical forms to be symmetric or all 
have the same support, and we cannot make our links "almost planar". So a priori it may 
not be obvious that the arguments in those references apply in our setting. 

Lemma 3.8. The map V2/V1 — )■ W2 takes our H123 to the weight system W123 coming from 
the triple linking number. 
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Sketch of proof : We proceed by choosing for each chord diagram D E CT)\ a singular hnk 
K£, reahzing the singularities prescribed by D. Then we show that fiusiK^) (defined using 
the Vassiliev skein relation) is equal to 1^123 (-D). 

Start by requiring ui,U2,uj3 to have support in a neighborhood of radius 6 of the points 
vi = u((7, 1, -1)), V2 = m((-1,7, 1)), V3 = -1,7)) respectively, where n(v) = v/||v||. 
Here 7 is a nonzero number such that the neighborhood of radius 6 of each Vj is disjoint from 
all the coordinate planes. We could take 7 = 1, but thinking about 7 small might make our 
tinkertoy argument clearer. Note that the support of Ui can have satisfy these conditions, 
while still satisfying all of those given in case (a) and (b) in the proof of Lemma 13.51 The 
tinkertoy idea is to count configurations where we can put rods between vertices which point 
in the directions of these vectors. 



For the diagrams D = L, M, R, L', M', R' we choose Kj:, as follows. For D = L for example, 
take one of the strands with one vertex, say the y-axis, and send it in a big semicircle in 
the xy-plane around the other one-vertex strand, the 2;-axis. The semicircle goes into the 
negative x-half-space because y hits x before z does in the diagram L. Leave the other two 
strands as the axes. This leaves us with two double points, as shown below. By the skein 
relation, we replace by a signed sum of four nonsingular links, obtained by resolving the 
two double points (in the 2-2 = 4 possible ways), inside a small ball of radius e around each 
singularity. 

Figure 4. On the left is a singular link Kd for D = L. On the right is one 
of the four resolutions of together with a configuration of 4 points of the 
type specified by L. It is the only resolution on which the integral is nonzero, 
and the configuration shown is the (only) one that the integral counts. Both 
resolutions are "negative" in the sense of the Vassiliev skein relation, so the 
contribution is +1. 



Step 1 : ^^l2z{KD) = Wu3{D) for D = L,M, R, L', M', R' . 
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For any chord diagram D e CT>1, the integral counts configurations of the two pairs 
of points (joined by a chord) such that each pair's difference unit vector is equal to the 
appropriate Vj and such that the points are on the strands in the order specified by D. The 
reader can verify that by our choice of Vj and choice of links, the only cases where both pairs 
of points are in a position to contribute towards I^{Kd) are the following: 

• Each pair is near a resolved singularity, as in the right-hand picture above. Such 
a configuration only contributes if the points are in the correct order, which only 
happens ii D — D. Moreover, in this contributing configuration only occurs 
for one of the two resolutions at each double point. The reader can verify that with 
our choices of quadrants Qi,Q2,Q3, the signs of the two contributing resolutions are 
always the same for D — L,M, R. So this gives a contribution of +1 to loiKo)- 

• One pair is near a resolved singularity, while another consists of a point on the large 
semicircle and a point on an axis away from the singularities. In this case, the 
contribution is the same for the two resolutions of the singularity away from both 
pairs. Thus two of the four terms are zero, and the other two cancel each other. 

For the integral It, we count configurations where the unit vector difference between the free 
vertex and the three interval vertices is Vi,V2,V3 respectively. The reader can verify that 
any two of the three constraints imply that the free vertex is near a singularity, but then the 
third constraint is impossible to satisfy. 

Step 2: II D has a chord joining points on the same strand, //i23(-f^D) = 1^123 = 0. 

In this case, we can just choose any Kd where the double point (s) on the same strand are 
sufficiently far away from the other strands. The integrals Ii^,Im,Ir, It do not count rods 
between two points on the same strand, so their value on the two resolutions of a double 
point on one strand will be e-close. Since we can choose e arbitrarily small while staying in 
the same isotopy class, the integrals on these two resolutions will cancel. 

Step 3: i^i23{Kd) = W^siD) for all D. 

The remaining case is chord diagrams with two chords on two strands, with no vertices 
on the remaining strand. In this case take Kd again to be a singular link where the strand i 
with no vertices follows a large semicircle around one of the other two strands. Near the apex 
of the semicircle, the picture will look like the right-hand side of the Figure above, while the 
singularities will be near the origin. Each of II, Im, Ir counts configurations involving the 
strand i, so any nonzero contributions will cancel in pairs, since all the resolutions involve 
only the other two strands. By keeping the singularities sufficiently close to the origin (with 
respect to the radius of the large semicircle), we see that It vanishes on such a Kd for the 
same reason it vanished on the Kd in Step 1. □ 
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Our choice to use linearly independent string links had resulted in some gaps in the proof 
of Corollary 13. 2[ but these are now nearly all filled. We finish by removing the "up to a 
type-1 invariant" indeterminacy mentioned in Corollary 13.21 

First, we observe that the tinkertoy method of proof above shows that all four of the 
integrals in fi^s vanish on the link shown in the figure below. We designate this link U 

Figure 5. A good candidate for the unlink in our setting, given the choices 
we have made. 

Z 




X 



to be the unlink among our linearly independent string links. Passing strand i through 
strand j produces a link Lij which must correspond to a parallel string link whose linking 
number of strands i and j is ±1. This is because any choice of linking number will have 
different values on U and Lij. One can verify that all four integrals in ^123 vanish on any Lij. 
Lemma [3.81 showed that /ii23 agrees with the triple linking number up to a type-1 invariant 
Vi (cf. diagram (|T5l) ). It is easily shown that a type-1 invariant is a sum of pairwise linking 
numbers and a constant. Since /ii23 vanishes on the unlink, the constant term in vi must be 
zero. Since fius vanishes on every Lij, the coefficient of every pairwise linking number must 
be zero. Hence using any straightening from linearly independent string links to parallel 
string links which induces a bijection as above, H123 is the triple linking number on the nose, 
validating Corollary 13. 2[ 

Remark 3.9. We can explain our choice of unlink seem in a way that seems less ad hoc: 
applying any number (i.e., 0,1,2,3) of the three crossing changes indexed by {x,y}, {y,z}, 
{x, z} to our link U gives a 3-dimensional cube of links. Each edge connects links that differ 
by one crossing change. If we relaxed the behavior towards infinity to ajjine- linear, each of 
these eight links could be drawn with all strands as straight lines. These eight links are the 
four resolutions of and Kl'- They are also the resolutions of Km and Km', with the two 
groups of four grouped differently. Similarly we could replace L or M by R. On exactly 
three of these, /ii23 = 1 because Id = 1 for exactly one D G {L,M,R}. The cube can be 
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positioned so that these three hnks are at the (1,0,0), (0, 1,0), and (0,0, 1) vertices. Then 
U is at the (1, 1, 1) vertex, adjacent to three hnks with vanishing ^123- But each pairwise 
hnking number must take different values on U and one of these three adjacent hnks. 

4. Gluing manifolds with faces 

Lemmas 13.41 and 13.51 show that we should glue our bundles along their principal faces and 
work relative to, or collapse, the infinite faces. To prove Theorem [H we need the glued 
space to be a manifold with corners. To embed it with a tubular neighborhood and normal 
bundle and thus prove Theorem [21 we need it to be a nice type of manifold with corners, 
namely a manifold with faces. We first recall some definitions related to manifolds with 
faces. Next we prove some general statements which will be useful in understanding how to 
do a Pontrjagin-Thom construction with our glued space. Then we construct a glued space 
Eg, and, as the main result of this section, we show that Eg is a manifold with faces. 

4.1. Gluing manifolds with faces. We start by reviewing some basic definitions. The 
notion of manifolds with faces and (A^)-manifolds goes back to Janich [TT], but here, as in 
our previous work [13], we follow the work of Laures [16]. First recall that in a manifold with 
corners X every x G X has a neighborhood diffeomorphic to a neighborhood of the origin in 
]^n-k ^ |-g^ 00)^. Call the number k the codimension c{x) of the point x. Let Ck be the set of 
points in X of codimension k. Call the closure of a connected component of Ci a connected 
face. We say that X is a manifold with faces if X is a manifold with corners such that for any 
x G X, X is contained in c(x) different connected faces of X. A {N) -manifold is a manifold 
with faces X together with a decomposition of the boundary dX = diX U ... U d^X such 
that each diX is a disjoint union of connected faces and such that diX fl djX is a disjoint 
union of connected faces of each of diX and djX. 

It will be convenient to know the following basic lemma. 

Lemma 4.1. Any manifold with faces X can be given the structure of a (N) -manifold for 
some N. 

Proof. Let diX, OnX be the connected codimension-1 faces of X. To verify that |J- diX = 
dX, we have to check that for any x G dX, every neighborhood of x contains points of 
codimension 1. But this follows immediately from X being a manifold with corners. 

We also have to check that the intersection X := diX fl djX is a disjoint union of con- 
nected faces of each of diX and djX. Note that points of codimension 1 in diX or djX are 
codimension-2 in X. Given x G X, consider a chart from a neighborhood f/ of x in X to a 
ball B around the origin in some M*^"^ x [0, oo)''. This must take U n diX and U n djX to 
two codimension-1 faces of B, and the intersection of these contains a codimension-2 subset 
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of B. Since the above holds for any U, x must be in the closure of the set of codimension-2 
points C2. That is, X C C2. 

To see that I contains the closure of every connected component of C2 which it intersects, 
suppose X eX and suppose y E C2 such that there is a path in C2 from x to y. Covering this 
path with neighborhoods in Co U Ci U C2, we see that points of Ci near y are in the same 
component of Ci as points of Ci near x. Since diX and djX are closures of components of 

Ci, yel. 

Finally, we just need to check that the closures of components of C2 contained in X are 
disjoint. Suppose we have two components C, C of C2 whose closures have nonempty inter- 
section. Then their intersection must contain a point z of codimension > 3. A neighborhood 
of z in X is modeled by a ball B around the origin in R"~^ x [0, oo)'^ with A; > 3. Under the 
coordinate map, two distinct codimension faces in X go to codimension-1 faces of B. But 
the intersection of two such faces is a single connected codimension-2 subset. Hence C and 
C cannot both be in the intersection X = diX n djX. □ 

We continue discussing glued spaces in general terms. 

Lemma 4.2. Let Xi and X2 be two manifolds with faces. Suppose &i C dXi for i = 1,2 are 
codimension-1 faces of Xi and are diffeomorphic as manifolds with corners via an orientation- 
reversing diffeomorphism g : &i = &2- Then we can form a new manifold with faces 
X = XiUg X2 by gluing the Xi via g. 

Proof. We first check that X is a manifold with corners. Let x e ©j be a point with 
codimension c{x) — k. Then in each Xj, (using the diffeomorphism g), x has a neighborhood 
diffeomorphic to a "ball" around the origin in R"~'^ x [0, oo)'^. If we glue two such balls along 
the codimension-1 faces which map to the &i, then the result can obviously be identified with 
a "ball" in R"~"'^+^ x [0, 00)*^"^. We use this to give X the structure of a smooth manifold 
with corners. Note that a point in &i that was codimension k in Xi now has codimension 
k-linX. 

To give X the structure of a manifold with faces, we glue all the strata which intersect (3j 
in pairs (which can be thought of as "mirror images" across &i). Thus the (codimension- 1) 
connected faces of X consist of those connected faces of which don't intersect &i, together 
with one connected face for every element in the set 

{(^1, V2) I Vi a (codim-1) conn, face of Xi, ViHSi^ 0, Vi ^ 6^, giVi n 61) = 1^2 n 62}. 

Suppose a point x E &i had codimension k in (either) Xi. Then it was contained in k faces 
of Xi. In X, it is contained in A; — 1 faces: one for each of the k faces except &i itself. But 
as noted above, x has codimension k — 1 in X. The condition is obviously satisfied for all 
X ^ &i. □ 
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By the lemma I4.H the glued-up space X is a (A^)-manifold for some N. The content of 
Proposition 2.1.7 of Laures' paper |[16j is that compact (X) -manifolds are precisely the com- 
pact spaces which admit neat embeddings into Euclidean space with corners M*^ x [0, oo)^. 
For a precise definition of a neat embedding, see Laures' paper ([IS], Definition 2.1.4; also 
repeated in the author's previous work [TS] as Definition 3.1.2). For our construction, the im- 
portant features are (1) that neat embeddings have well defined normal bundles and (2) that 
the manifold being embedded meets all the boundary strata of x [0, oo)^ perpendicularly. 

Corollary 4.3. Let Xi and X2 he two compact manifolds with faces. Suppose &i C dXi 
and g : &i = &2 are as above. Then X = XiUg X^ can he neatly embedded into some 
Euclidean space with corners. 

Finally note how the construction in Lemma 14.21 can be repeated inductively. That is, 
suppose Xi, Xfc are manifolds with faces, and ©1, S^, ^'^^ codimension-1 faces 

in Xjj, Xj^, Xj^, Xj^ such that all the and are pairwise disjoint and such that there 
are diffeomorphisms ge : &e = for each i. Then we can form a glued space XiU...UX,fc/ ~, 
where the quotient is determined by gi, ...,gm- From the proof of Lemma [4.2[ we see that 
this glued space is again a manifold with faces, hence an (X)-manifold for some N. 

4.2. Fiberwise gluings of manifolds with faces. Now let Fi ^ Ei B and 

F2 ^ E2 B be fiber bundles where each Fi is a compact manifold with faces. Let 

Fi{b) denote the fiber of Ei over b E B. Suppose that (for i = 1,2) we have sub-bundles 
&i G Ei ^ B where the fiber F{@i){b) over each 6 G -B is a codimension-1 face of Fi{b). 
Suppose that for each b E B, F{&i){b), F{&2){b) are diffeomorphic as manifolds with corners 
via an orientation-reversing diffeomorphism gj, : F{&i){b) = F{&2){b), and suppose further 
that these diffeomorphisms vary smoothly over B. (That is, fix one copy F{&) of F{(Si){b); 
then given a trivialization of Ei over U G B as U x Fi, the induced map from U x F{&i) 
to this fixed F{&) is smooth.) Then we can fiberwise glue Ei to E2 along F{&i) to form a 

bundle Eg Eg 9- B whose fibers Fg = Fi Ug F2 are manifolds with faces, or (X)- 

manifolds for some X. Similarly, we can carry out a fiberwise analogue of the construction 
at the end of the previous paragraph with more than two bundles Ei, ...,Ek, provided that 
the faces along which we glue are pairwise disjoint. 

4.2.1. Fiberwise integration on glued manifolds with corners. Suppose that, as above, we 

glue bundles Fi ^ Ei ^ B {i = 1, 2) to a bundle Fg ^ Eg s- B . Suppose ai 

for i = 1,2 are forms on Ei such that the forms g*{a2) and ai agree on ©1. The forms ai can 
then be glued to a form a on Eg which is at least piecewise smooth. Without any further 
assumptions, we do not have fiber integration on the level of cohomology for the bundles 
Ei — )■ B. But on the level of forms, this much is obvious: 
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Lemma 4.4. In the above situation, 



Since integration can be done piecewise, the manifold with faces structure (or even the 
manifold with corners structure) on Eg is not strictly necessary for this lemma. But the 
particular glued space Eg which we will construct will anyway be a manifold with faces. 

4.3. Gluing the bundles over the link space. Now we construct our particular glued 
space Eg, which is a bundle over £3. 

The spaces E^ [D = T, L, M, R) have precisely the corner structure of their fibers 
and hence principal faces corresponding to those in the fibers. Let &i,&2,&3 denote 
the principal faces of Et = and let &l,&m,&r denote the principal faces 

of El = E[2, 1, 1; 0], Em = E[l, 2, 1; 0], Er = E[l, 1, 2; 0] respectively. We denote the fibers 
of these faces (or faces of the fibers) F(©j), i = 1, 2, 3 and F((3d), D = L,M, R. 

We observed in section [3l3] that each of F((5i), ^(©2), -^(©3) is diffeomorphic to F[l, 1, 1; 0] x 
S"^, and that each of F{&l), F{&m), E{&f{) is diffeomorphic to F[l, 1, 1;0]. Moreover, we 
have an orientation-preserving diffeomorphism from F{&i) {i = 1,2,3) to F{&d) x S"^ 
[D = L, M, R) where the orientation on S"^ comes from the one we fixed on M^. 

We glue Fl, Fm, and Fr to Ft by first reversing the orientation on Ft, and then identifying 



F{&l) X with F(6i), F{&m) x with ^(©2), and F(©r) x with ^(63). Note 



that we have a specific (orientation-reversing) diffeomorphism over each fiber, and these 
diffeomorphisms vary smoothly over £3. Thus the gluing of the fibers specifies a gluing of 
the total spaces, i.e., a gluing of E^ x S'^,Em x S^,Er x S'^ to Et- Denote the result Eg. 
This space is a bundle over £3 with fiber denoted Eg. 

Figure 6. The diagrams corresponding to the three co dimension-one faces 
along which we glue. 



Lemma 4.5. The three principal faces &i, &2, ®3 of Et are pairwise disjoint. 

Proof. Recall that a face in the Axelrod-Singer/Fulton-MacPherson compactifications C„[M] 
is indexed by a set {S*!, 5*^} of subsets of {l,...,n} which are nested or disjoint. The 
intersection of two faces indexed by {S*!, 5^} and {S[,...,S'^} is the face indexed by 
{Si, Sk, S[, S'^}, if these sets are nested or disjoint. But in our case, the three faces are 




A similar statement holds in the case of gluing bundles Ei, ...,Ek with k > 2. 



□ 




32 



ROBIN KOYTCHEFF 



indexed by {{1, 4}}, {{2, 4}}, {{3, 4}}, and each pair of sets is neither nested nor disjoint. 
Hence no pair of &i,&2,&3 intersect. □ 

Now as indicated at the end of sections 14.11 and 14. 2^ the proof of Lemma 14.21 makes the 
main result of this section clear: 

Proposition 4.6. The glued total space Eg (or its fiber Fg) is a manifold with faces, hence 
a (N) -manifold for some N. □ 

Note that this implies of course that Eg is a manifold with corners. 



5. Finishing the proof of Theorem \T\ 

We are now ready to prove Theorem [H Recall that we have maps from the spaces Ed to 
S"^. Write these maps as 

(16) Er : S'xS'x 



prOJ„2 X 9514X9523 n n n 

El X 52 X 52 X 52 



(^12Xprojg2Xip34 n o o 

Em X S^xS^x 



Er X S^xS^x 52 

Recall that we defined the 2-forms 9ij using uji,uj2,uj3 G Q'^{S^) with each Ui cohomo logons 
to a unit volume form. In the proofs of Lemma [3.51 and Lemma \3M, we fixed each Ui to have 
support in a small neighborhood in a different quadrant of the sphere. This ensured that 
the restriction of the puUback of Ui x U2 x to an infinite face (of any of the above four 
spaces) is zero. 

Now note that the forms 

coii-9i3)i-024) = uJi9i3924 E VI^El X S^) and ^14^24^34 G ^%Et) 

agree on the common face 

El X D GlX ^ &iC Et. 

The minus signs above come from orientations of edges in the diagrams, which correspond 
to the order of i and j in 9ij. Similarly, the forms 

9i20O2{-9m) = -9i2UJ29-M e n\EM X S^) and ^14^24^34 G ^\Et) 
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agree on the common face 

Em X ^2 D 6m X 52 ^ ©2 C Et 

and 

^i3^24C^3 e n^{EM X S"^) and ^14^24^34 e ^^Et 

agree on the common face 

ErxS"^^ Gr X ^ G3 C Et 
Let (3 be the 6-form on Eg obtained by gluing together of these four 6-forms. 

Proposition 5.1. ^123 = Jp p. 

Proof. By Corollary 13.21 and Lemma [4.4[ we have 



(J'123 — / 6'i36'24 — / 912034 + / ^13^24 " / ^146'246'34 

'f[2,1,1;0] -'F[1,2,1;0] Vf[1,1,2;0] 



^1^13^24 — / ^121^2^34 + / ^136'24l^3 " / ^14^24^34 

F[2,l,l;0]xS2 JF[l,2,l;0]xS2 J F[l,l,2;0] X 5^ 



Wl6'l36'24 + / —^12^2^34 + / ^13^24^3 " / 6'i46'246'34 

F[2,l,l;0]xS2 JF[1,2,1;0]x52 JF[1,1,2;0] x 5^ JF[1,1,1;1] 

Wl6'i36'24 + / — 6'l2W26'34 + / 6*13^24^3+ / ^^14^24^34 

F[2,1,1;0]xS2 JF[1,2,1;0]x52 J F[1,1,2;0] x 5^ J F[l,l,l;l] 

/5 



where 1, 1; 1] is F[l, 1, 1; 1] = F^ with its orientation reversed. □ 



The vanishing of $^(a;i x a;2 x 003) on infinite faces means that /3 represents a class in 
H^{Eg, dEg). If we consider the integration over just one fixed link in the base £3, then we 
can think of /3 as a top-dimensional class in H^{Fg, dFg). We have seen that Eg is a manifold 
with corners, and dFg is precisely its boundary, so there exists a fundamental class [Fg, dFg]. 
In such a situation, integration is the same as pairing the cohomology class [(3] with the 
fundamental class [Fg,dFg]: 



/^i23= / /3=([/3],[F„9Fj) 
Jf„ 



Since the Ui represent integral cohomology classes, so does (3, so the right-hand side can be 
viewed in integral (co)homology. 
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The maps (fT6l) descend to a map Eg S"^ x S"^ x S"^ and, looking over just one link, to a 
map 

(17) Fg S^xS^x 

with 

H%Fg; Z) 3 1(3] 1 [ui XU2X 003] G H%S^ x x S^; Z) 

where [(3] is really the image of [/3] under H^{Fg,dFg) — )■ H^{Fg), and where [ui x uj2 x u^] 
is a generator, since the Ui represent generators of H'^{S'^; Z). 

Let V C S"^ X S"^ X S"^ he the image of dFg, thought of as the "degenerate locus". (We 
know that V is contained 

{{S^ \ {Qi XQ2X Qs)) U U {{CxS^x S^) U{S^xCx S^) U (^^ x ^ C)) 

C= Cx y 5 Cy z 1 Cx Z 

where C^y, Cyz, C^z are the three great circles in the coordinate planes.) 
We can then rewrite the map f[T7|) above as 

Fg/dFg 52 X 52 X S^/V. 

Recall that Fg = F^UFl x S'^UFm x S'^UF^ x S"^. Recall also that the compactifications are 
homotopy-equivalent to their interiors and have collar neighborhoods of their boundaries. 
We now ignore the corner structure since we are purely in the realm of topology. Up to 
homeomorphism F^ = I^x [D^\{3 D^'s}); the three missing D^'s correspond to the principal 
faces F{&i), F{&2), F{&3), which are homeomorphic to x S"^. The other three F^ x S"^ 
are homeomorphic to x S'^ = x [I x S"^), and the principal faces F{&d) correspond 
to the P X ^2 

pieces of the boundary obtained by choosing one endpoint in the I factor. 
Thus Fg = P X (D^ \ {3 D^'s}), since gluing Fl, Fm, Fn to Ft corresponds to filling in a 
neighborhood of three boundary components in the [D^ \ {3 D^'s}) factor. 
We extend the above map to the left, where CX denotes the cone on X: 

D'' = Px {{D^ \ {3 D'^'s}) U U? CS^) DyOD"^ ^ Fg/dFg ^ x x S^V 

The first map is just the quotient by the boundary. The middle map is the quotient by the 
image of P x {3 cone points} under the first map. This image in D^/dD^ is \/l S^, so this 
middle map is the quotient 

ylS'^S'^ Fg/dFg 

which induces isomorphisms in and Hq. Under the isomorphism in H^, [Fg, dFg] corre- 
sponds to a fundamental class [S^]. Thus the triple linking number ^123 = [Fg,dFg]) is 
given by the pairing of the fundamental class of with a cohomology class which is pulled 
back via the left-hand map below and which maps to a generator of H^{S^ x S*^ x S*^; Z) via 



THE MILNOR TRIPLE LINKING NUMBER OF STRING LINKS BY GUT-AND-PASTE TOPOLOGY 35 



the right-hand map: 

S^xS^x syv S^xS^x 

This proves Theorem 1. □ 
The constraints we have imposed on the Ui imply that a = Ui x U2 x has support in a 
connected component of S"^ x x S'^ \ V (or even a subset of S"^ x x S"^ diffeomorphic to 
a 6-ball). Quotienting by the complement of the support of a thus gives a space S{a) which 
has a fundamental class. It is not hard to see that the degree of the composition 

56 ^ S^xS^x syv S{a) 

is the triple linking number /Xi23. So we have exhibited it as a degree, as promised. 



6. INTEGRATION ALONG THE FIBER VIA PONTRJAGIN-THOM 

This section reviews a classical result relating integration along the fiber to a Pontrjagin- 
Thom construction. We proceed with a general situation, avoiding any possible simplifica- 
tions in our particular example of the triple linking number. This is because we expect these 
results to be quite useful in our future work. We begin with the case where the fiber has no 
boundary, and then treat the case of a fiber with boundary. The latter case proceeds very 
similarly to the former, but we start with the boundaryless case for ease of readibility. 



6.1. Warmup: the case of boundaryless fibers. Suppose F E ^ B is a fiber bundle 
of compact manifolds (without boundary). Then integration along the fiber is a chain map 
(cf. equation ( 1T4|) as well as [6J, p. 62) and hence induces a map in cohomology 

Jp : HP{E) ^ HP-\B). 

Since we will use de Rham cohomology (or compare other constructions to those in de Rham 
cohomology) all (co)homology will be taken with real coefficients for the rest of this section. 

The above map can also be produced as follows. Since E is a compact manifold, we can 
embed it in some and use this to embed the bundle into a trivial bundle: 

E^ ^ X B 




B 
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Then E has a tubular neighborhood ri{E) in X B which is diffeomorphic to the normal 
bundle u = v{e) of the embedding e. Taking the quotient by the complement gives 

X 5 ^ X 5/(R^ X 5 - r]{E)) = E" 




Here E^ denotes the Thom space Diy) / S{v) of the normal bundle u ^ E and is 
the A^-fold suspension of = B L\ {*}. The map above factors through because 
that space is just the one-point compactification of 5 x R^, and because E is compact. We 
consider the map in co homology induced by r : — )■ E'^. 



Lemma 6.1. Given a bundle F E — ^ B with all three spaces compact manifolds 

without boundary and k = dim F, then jp : H^{E) — )■ H^~^{B) agrees with the composition 

induced by the Thom collapse map, the Thom isomorphism, and the suspension isomorphism. 



Proof. We first check that integration along the fiber is Poincare dual to the map vr* induced 
hy Ti : E ^ B. That is, we check that /p /9 fl [B] = vr^/? n [E]) for any class (5 e H*E. 

Let (■, ■) denote the pairing between cohomology and homology. Let a G H^^^B where 
m = dim B. Using the relationship between cap and cup products and the "naturality" 
property of cap products, we have 

(a, /^/3n[5]) = («u(/p/3), [B]) 

= [ «a(/^/3) 
Jb 

= / 7r*aA/3 
Je 

= {7r*a U /3, [E]) 
= (7r*a, /3 n [E]) 
= {a, 7r,(/3n[E])) 

The equality of the integrals in the second and third lines follows from a Fubini Theorem. 
(See [9], p. 307-309; see also [I] for a characterization of fiber integration in terms of Poincare 
duality.) Since this holds for any a G H"^~pB, we must have Jp (3 H [B] = 7r*(/3 fl [E]). Thus 
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the following diagram commutes: 
(18) 



If 

(-n[B])-i 



Next we claim the diagram below commutes: 

HP+^{E) ■ 

Thom i 



-n[E] 



Hm-p{E) 



n[D^xB,dD^xB] 



-n[B] 



Hm-p{D^ X B) 

Hm.-p{B) 



HP+^{D^ X B,dD^ X B) 
HP{B) 

Commutativity of the first square at the top is just the fact that the Thom class of a disk 
bundle is the Poincare dual to the zero section. (In fact, one can take this as the definition 
of the Thom class.) The second square commutes by the "naturality" of the cap product, 
applied to i : (D(z/), S^u)) — )■ (M^ x B, M"^ x B — rj{E))\ i* is an isomorphism by excision. In 
the third square, D'^ is a ball in large enough to contain the image of the embedding e. 
The commutativity of this square comes from the "naturality" of the cap product applied to 
the coUapse map r : {D^ x B, dD^ x B) ^ {R^ x B,R^ x B - r]{E)). The bottom square 
commutes up to a sign by the relationship between cap and cross products. By choosing the 
suspension isomorphism appropriately, this diagram will commute on the nose. 



Finally notice that (— fl [5]) 



-1 



O TT* O 



n [E]) is the same as going clockwise around the 



above diagram, from the upper-left corner to the lower-left corner. The composition induced 
by the Thom collapse map corresponds to going down the left-hand side of the diagram. □ 



6.2. Fibers with boundary. Now let F — )■ — )■ i? be a fiber bundle with F a, k- 
dimensional compact manifold with boundary, or even a manifold with faces. Continue 
to assume that i? is a compact manifold (without boundary). Considering the boundary of 
the fiber dF C F gives us a bundle dE — )■ B which is a sub-bundle of E ^ B. Let /3 be 



38 



ROBIN KOYTCHEFF 



a + fc)-form on E. Suppose the restriction of f3 to dE is zero. Then the corresponding 
cohomology class f3 G H^^^{E) comes from a class in H^^^{E^ dE). 

Alternatively, E has a collar neighborhood [0, 1) x dE of its boundary, so E is homotopy- 
equivalent to the complement of a collar, say [0, |) x dE. Under the homotopy, the form 
P becomes a form on the interior of E with compact support. Thus we may view /3 as an 
element in cohomology with compact support, /3 G HJ!~^^E. 

The vanishing on dE of /3 implies by Stokes' Theorem that integration along the fiber 
produces a well defined cohomology class /p/3 G H^~^{B) (again cf. equation f|T^ and [6], 
p. 62). 

Since F is a manifold with faces it can be embedded neatly in some Euclidean space with 
corners M<^)'^'^ := [0, oo)^ x M*^. Recall that a neat embedding has a well defined normal 
bundle. 

Since all the corner structure in E comes from that in F, we can neatly embed the bundle 
E ^ B into a trivial bundle 

E^ ^ RW'^-^ X B 




B 



Once again a tubular neighborhood ri{E) C M^^^'^'^ x 5 is diffeomorphic to the normal bundle 
V = z/(e) of the embedding e. Taking the quotient by the complement gives a Pontrjagin- 
Thom collapse map 

]^{N),M X ^ ^ j^{N),M X X - ri{E)) ^ E^ 

c^j:^'b+ 

The map above factors through C^S*^i?+ (where denotes A^-fold cone) because that is 
just the one-point compactification of M^^^'^ x B. Restrict the embedding e to dE C E, 
and let dE"^ C E"^ be the result of the corresponding restriction of the collapse map. If we 
let 

9(C^S*^5+) = d{[0, oof) X M^'^ X 5 C [0, oo)^ X M*^ X 5 C 
then clearly 

e:dE^ d{C^j:^^B+) 
so restricting the collapse map above gives a map of pairs 

(C^S^^5+, d{C^J:^^B+)) {E\ dE"). 
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The resulting map on quotients is r : — t- E'^/dE". 



Lemma 6.2. Suppose as above that F ^ E B is a fiber bundle with B a compact 
manifold, F a k-dimensional compact manifold with boundary. Let (3 G QP^^{E) be a form 
whose restriction to BE is zero. Then the class jp, f3 is precisely the image of (5 under the 
composition 

HP+\E,dE) ^^'^'^ ~ > HP+^+^^E'/dE'^) gp+N+M^^N+MQ^^ ^ ^p(^) 

induced by the Thom collapse map together with the Thom isomorphism and suspension 
isomorphism. 



Proof. The proof is very similar to the proof of Lemma f6.ll We have (3 G H^^^^E^dE) 
HP+^{E - dE) and (3 e Hp{B) ^ Hp{B) since B is compact. 
As before let a G H"^~pB where m = dim B. We have 

(a, /^/3n[i?]) = (aU(/^/3), [B]) 
«A(/^/3) 



Tr*a A (3 



The last line holds because we are considering the pairings : if™ pB HcB — )■ 
: H'^-P{E - dE) O Hp^^{E - dE) M. Continuing we have 



and 



(a, /^/3n [fi]) = / 7r*a A/3 

J E 

= (7r*aU/3, [E,dE]) 
= {it* a, (3n[E,dE]) 
= (a, TT,i^n[E,dE])) 

Since this holds for any a G H'^'PE, we must have jp (3 n [B] = 7r*(/3 n [E]). Thus the 
following diagram commutes: 



(19) 



-n[E,dE] 
HP+\E) H^.p{E) 



If ^ 

HP{B) 



Hm—pi^B) 
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Next we claim the diagram below commutes: 

HP+^{E,dE) 

relative Thom ; 



-r\[E,aE] 



^n[D{v),S{v)UD{v\sE)] 



Hm-p{E) 



Hm-p{D{v)) 



-nfBl 



Hrn-p{B) 



Commutativity of the first square at the top is the expression of the relative Thom class as 
Poincare dual to [E^ BE] (the relative zero section). The second and third squares commute 
by "naturality" of the cap product as before. With the appropriate choice of sign in the 
suspension isomorphism, the bottom square will commute by the relationship between cap 
and cross products. Now considering this large commutative rectangle and the previous 
commutative square, we have proven the lemma. □ 



7. The triple linking number via Pontrjagin-Thom 

In this section, we finish the proof of Theorem 2. In order to do this, we first need to 
embed our glued bundle Eg £3 into a trivial bundle in a way that preserves the corner 
structure. 



7.1. Neatly embedding the glued total space. 

Lemma 7.1. The manifold with faces Eg can he embedded into a trivial bundle over £3 in 
such a way that it has a well defined tubular neighborhood and normal bundle. 



Proof. Each of the four spaces E^ (for the four diagrams D = L, M, R, T) can be neatly 
embedded 



Ed"- 



C4[M3] X £3 



using its definition as the pullback in square (IT^ and the fact that all the corner structure 
in Ed comes from that in C4[M^]. Lemma 3.2.1 of [13] shows that the spaces C^[M ] can be 
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given the structure of (A^)-manifolds. So we have neat embeddings 
(20) ^T^^-- C4R^] X £3^ ^ R^^ X [0, 00)^ X £3 




We reverse the orientation on the top copy of R^ x [0, 00)^ and then glue the top copy 
of M*^ X [0, 00)^ X £3 to the bottom one in such a way that the principal face of the top 
C4[M^] containing ©1 is glued via the identity map to the principal face of the bottom C4[M^] 
containing &l. (So far Et has not been glued to El in any "nice" way.) 

Let ri{&L) = ©L X [0, 1) denote a collar neighborhood of in El- We have the identifi- 
cation g : &L ^ S"^ ^ ©1 5 and we can further identify rj{&L) x "S*^ with a collar ^^(©i) of 

©1 in Et- Consider the restriction of (!20|) to ?7(©i) and the fact that these neat embeddings 
are perpendicular at the boundaries of R^ x [0, 00)^; this allows us to smoothly extend the 
bottom embedding to El U {rj{&L) x S"^) by "doubling" it near the boundary: 
(22) 

Et yjg {El U (^^(©l) x S"^))^ {Ci[R^] U C^lR^]) x £3^ (R^ x [0, 00)^ U R^'^ x [0, 00)^) x £3 




Since the interior of the fiber Fl is an open subset of Euclidean space, Fl has a trivial 
normal bundle. The normal bundle to El ^ R^ x [0, 00)^ x £3 is the normal bundle along 
the fiber. Thus a tubular neighborhood of El in R^^ x [0, 00)^ x £3 can be identified with 
El X RP for some p. Considering the dimensions of Fl and C4[R^], we see that p > 8. 

Consider the restriction 

r]{&L) X ^ ra/ X [0, 00)^ X £3 

of the embedding fl22l) to a collar of the face along which we glued. We may assume that its 
image lies in a tubular neighborhood of El- in fact, we can shrink the embedding of the S'^ 
factor in 77(©i) {jli&L) x S'^) = ©^ x S*^ x (—1, 1) along the interval (—1,0] to achieve 
this. Thus over each link in £3 we have an embedding 

F(©l) X ^ f{&l) X RP- 
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Let F{&l) denote the fiber of tlie face &l over a link in £3. By making p sufficiently large 
(by making M above sufficiently large), we can find a smooth isotopy from the embedding 
above to an embedding 

F{Gl) X S^c ^ F{&l) X RP 

induced by a standard embedding ^ R^. If we take the trace of this isotopy along part 
of the collar (say, along |]), we can extend outside F{&l) x S*^ x [0, |] using the standard 
embedding. This gives an embedding Fl x S"^ "-^ Fl x MP which on the face F{&l) agrees 
with the one gotten by restricting ( |22l) . This gives an embedding of the whole space 

El X El x M*^ x [0, 00)^ x £3 

which on El U {ti^&l) x S"^) agrees with fl2^ . Thus we have embedded 

Ft Ug {El x S^)^ ((M*^ x [0, 00)^) U (M*^ x [0, 00)^)) x £3. 

Our construction of the embedding in ( !22l) gives a smooth embedding of the collar of the face 
we glued, where the manifold-with-faces structure on the glued space is the one indicated in 
the proof of Lemma 14.21 Furthermore, the embedding of each piece is neat and hence has 
a tubular neighborhood which can be identified with its normal bundle. So the embedding 
above has a tubular neighborhood diffeomorphic to its normal bundle. 
Continuing in a similar manner, we embed 

(23) Eg^ (U? X [0, 00)^) X £3 

where each of the last 3 copies of M.^'^ x [0, 00)^ is glued to the first copy along a different 
codimension-1 face of the first copy. The result is a subspace of M*"'^ x M^. We saw that the 
domain is a manifold with faces, but the codomain is not (necessarily) even a manifold with 
corners, since the three pairs of faces we glue along are not disjoint there. Nonetheless, as in 
Lemma [4. 5[ the faces of the Ed which we glue are disjoint. Thus near any point in any El), 
the embedding looks the same as in the case where we glue just one pair of spaces. Thus, as 
in that case, the embedding has a well defined tubular neighborhood, diffeomorphic to its 
normal bundle. □ 



7.2. Finishing the proof of Theorem 2. Proposition 15.11 described the triple linking 
number yUi23 as fp (3, the integral over the fiber of a glued configuration space bundle of a 
certain 6-form /3. We now compare this to the Pontrjagin-Thom construction. 

Let bM,N{R) denote the intersection of a radius R ball around the origin in M*"^"*^^ with 
X [0, 00)^. Let Bm,n{R) denote the result of gluing four copies of this sector bM,N{R) in 
the same way that the four copies of M^^ x [0, 00)^ were glued. The embedding (1231) gives 
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rise to a Pontrjagin-Thom collapse map, which induces a map of pairs 

for sufficiently large R, where Ti{Eg) is a tubular neighborhood of Eg and where the basepoint 
* is a point of distance R from the origin in Bm,n{R)- The collapse map further descends 
to the map of pairs below 

r : (5M,jv(i?) x£3, d{BM,N{R)) x C3) (SA/,^(i?) x £3, {Bm,n{R) ^3-viEg))UdEg) 

which on the level of quotients is 

r : E*^+^£3 Eg'''"" /dEg"-'' 

where Eg'^'''^ is the Thom space of the normal bundle h'M,N Eg of our embedding of Eg in 
a trivial bundle. 

We have already seen that, by our choices of spherical forms and vanishing arguments for 
infinite faces, the form /3 represents a class [/3] G H^{Eg,dEg). We claim that by Lemma 
\6.2\ the image t*[/3] of under the map in cohomology induced by the collapse map 
above is precisely J^, (3 = fius- Strictly, Lemma 16.21 only shows this when the base is a 
finite-dimensional compact manifold. However, we can consider finite-dimensional compact 
submanifolds of £3. Since the t*(3 and f„ (3 agree over any such submanifold, they are 
indeed equal. This proves Theorem 2. □ 
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